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Abstract. The l-perfect code obtained by Vasil'ev-Schonheim construction from linear base code and 
quadratic switching function is transitive and, moreover, propelinear. This gives a reach construction of 
transitive 1-perfect codes over an arbitrary finite field. 

■ Let F be a finite field of order q\ let F" be the vector space of all n-words over the alphabet 

\ F. An arbitrary subset of F" is referred to as a code. A code is linear if it is a vector subspace 

O ' of F". A code C C F" is called 1-perfect if for every word v from F" there is exactly one c in C 

2^ , agreeing v in at least n ~ 1 positions. 

Let H C F" , and let / : iJ — > F be an arbitrary function. Define the set 

C{HJ) = {{{va)aeF,p) : G F", ^ u„ = c e iJ, p = ^ a\va\+fic)} 

where {va)aeF is treated as the concatenation of the words Va in some prefixed order, \va\ is the 
sum of all n elements of Va- If iJ is a 1-perfect code, then C{H,f) is a 1-perfect code in F9"+^, 
known as a Schonheim code |3] (in the case q — 2, a Vasil'ev code [3]). 
[/3 ■ The automorphism group AUT{C) of a code C C F" is the set of permutations of F" that 

preserve the neighborship (two words are neighbors if they differ in exactly one position) and 
stabilize (fix set-wise) C. The code C is transitive if for every two codewords a, b there exists 
(f e AUT{C) that sends a to h. 
J> ■ Assume H is a, subspace of F". A function f : H ^ F is called quadratic if for every c & V 

I there exist /3f , . . . , such that for all x — (xi, . . . , Xn) G H 



o 
o 



fix + c) = fix) + /3S + + . . . + (1) 



Theorem. If H C F" is a linear code and f : H ^ F is a quadratic function, then C(i?, /) is 
' a transitive code. 

The key point in the proof is the following simple statement. 

Lemma. Let fix) = fix)+l3xj for some j £ [l..n], /3 e F. Then C(iJ, /') = U^CiH, f) where 

II j is the coordinate permutation that sends the ia + [3, j)th coordinate to the ia,j)th coordinate 
X : (the jth coordinate of the block Va, a & F) for all a ^ F and fix the other coordinates. 

^ ■ Proof. Let us consider the codeword x = iiva)a£F,p) of C(iJ, /). It satisfies p = J2aGF Q^I^qI + 

■ ■ ■ /(c)- After the coordinate permutation 11^, we obtain the word y — HjX ~ iiua)aeF,p) where for 

all a the word Ua coincides with Va in all positions except the j'th, Ua,j which is equal to Va+p^j. 
Now we have 

P=^<^\va\+ fic) = ^ ^awQ,fc + ^ awQj + /(c) 

a£F aeF k^j aeF 

aeF k^j aeF 

= aug^k + (g + I3)uaj + fjc) 

aeF k^j aeF 



^CtUa,k + Ua,j +/(c) = ^ a\Ua\ + f [c) + l3Cj, 



aeF k=l aeF aeF 



(we used that c — (ci, . . . , c„) — J^'^a —J2'^a) which proves that Hjix) £ C(i/, /'). A 

Without loss of generality we can assume that /(O) = 0, because subtraction of (0, ... , 0, /(O)) 
from all the codewords does not change the property of the code to be transitive. Now, and 
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ac ac oc 

denoting II'^ — Hj^'^IIj^ . . .n„", where the coefficients /3| are from ([T]), we get the following fact, 
which immediately proves the theorem: 

Proposition. For every codeword w = {(wa)aeF,p) ofC{H, /) the transform = n'^(u) + 

w, where c — '^a^pWa, is an automorphism of C{H, f), which sends the all-zero word to w. 

Proof. Consider v — {{va)aeF,q) from C{H,f). It satisfies q — X^aeF '-'^l'^"! ^~ /('^)' where 
d = J2a''^a- Applying the lemma with j = l..n, we see that n^(w) — {{ua)aeF,q) satisfies q — 
J2aeF'^\'^a\+f{d)+l3ldi + ...+l3^dn, where d^ {di,...,dn) =J2a'^a- Adding w = {{wa)aeF,p), 
we obtain n'^(?;) + w = {{ua + Wa),r), where 

r = ^a\ua\+f{d)+l31di + ... + l3^dn+^a\wa\+f{c) 

aeF a£F 

= ^a|ii„+?«„|+/((i + c)-/3^5 + /(c). 

aeF 

But /(c) = /(O) + /3q, as we see from ([T]). Since /(O) = 0, we have proved that n^(w) + w belongs 
to C{H,f). A 

Now, given the codewords a and b, the automorphism sends a to b. The theorem is 

proved. 

It is not difficult to check that the set of the automorphisms w e C(iJ, /), is closed under 
composition; so, C{H, f) is a so-called propelinear code, by definition (a code is propelinear if there 
is a subgroup of its automorphism group acting regularly on the code) . 

By simple algebraic arguments, the quadratic functions defined as above are exactly the func- 
tions whose polynomial representation has degree at most 2. The number of such functions has 

the form and so, this expression gives a lower bound on the number of different (and 

nonequivalent, as dividing by the number of the space isometries does not affect this form) tran- 
sitive and propelinear 1-perfect q-ary codes of length qn + 1 obtained by the Vasil'ev-Schonheim 
construction. For the case q — 2, an exponential lower bounds for transitive and propelinear 
1-perfect codes was established in [5] and [T], respectively. 

For further development of the topic, it would be interesting to consider more wide class of 
functions resulting in transitive (propelinear) codes. Such functions should have properties similar 
to transitivity (propelinearity) of codes: 

Problem. For a vector space V and a group A of linear permutations of V, find non-quadratic 
functions / such that for every c from V there exists fi G A meeting f{fi{x) + c) = f{x) + l{x) 
for some affine I. For example, for constructing transitive 1-perfect codes as above, we can take 
V = Ha.ndAc AUT{H). 
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